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Convolutional Codes: Techniques of Construction 
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Abstract — In this paper we show how to construct new 
convolutional codes from old ones by applying the well-known 
techniques: puncturing, extending, expanding, direct sum, the 
(u|u + v) construction and the product code construction. By 
applying these methods, several new families of convolutional 
codes can be constructed. As an example of code expansion, 
families of convolutional codes derived from classical Bose- 
Chaudhuri-Hocquenghem (BCH), character codes and Melas 
codes are constructed. 



I. Introduction 

Constructions of (classical) convolutional codes and their 
corresponding properties have been presented in the literature 
[2,5,7-10, 12, 16,25-30]. Forney [5] was the first author who 
introduced algebraic tools in order to describe convolutional 
codes. Addressing the construction of maximum-distance- 
separable (MDS) convolutional codes (in the sense that the 
codes attain the generalized Singleton bound introduced in 
[28, Theorem 2.2]), there exist interesting papers in the 
literature [8,28,30]. Concerning the optimality with respect 
to other bounds we have [26,27], and in [7], strongly MDS 
convolutional codes were constructed. In [2,12,16,29], the 
authors presented constructions of convolutional BCH codes. 
In [9], doubly-cyclic convolutional codes were constructed and 
in [10], the authors described cyclic convolutional codes by 
means of the matrix ring. 

It is not simple to derive families of such codes by means 
of algebraic approaches. In other words, most of the convolu- 
tional codes available in the literature are constructed case by 
case. In order to derive new families of convolutional codes by 
means of algebraic methods, this paper is devoted to construct 
new convolutional from old ones. More precisely, we show 
how to obtain new codes by extending, puncturing, expanding, 
applying the direct sum, applying the (u|u + v) construction 
and finally employing the product code construction. 

This paper is arranged as follows. In Section II we fix the 
notation. Section III presents a review of basics on convolu- 
tional codes. In Section IV we present the contributions of this 
work, namely, we show how to construct convolutional codes 
by applying the techniques above mentioned. In Section V we 
present two code tables containing parameters of convolutional 
codes known in the literature as well as containing parameters 
of new convolutional codes obtained from the code expansion 
developed in Subsection IV-A; in Section VI, a summary of 
this paper is given. 

II. Notation 

Throughout this paper, p denotes a prime number, q denotes 
a prime power, ¥ q is a finite field with q elements. The 
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(Hamming) distance of two vectors v, w 6 F™ is the number 
of coordinates in which v and w differ. The (Hamming) 
weight of a vector v = (v±, V2, ■ ■ ■ , v n ) G F™ is the number of 
nonzero coordinates of v. The trace map ti qm i q : ¥ q m — y ¥ q 

m — 1 

is defined as tr qm / q (a) := a q . Sometimes we abuse 

the notation by writing C = [n, k,d] q to denote a liner 
code of length n, dimension k and minimum distance d. 
The (Euclidean) dual of C is denoted by C and we put 
d 1 - = ^(C^) meaning the minimum distance of C . 



III. Convolutional Codes 

In this section we present a brief review of convolutional 
codes. For more details we refer the reader to [13, 14,25]. 

Recall that a polynomial encoder matrix G(D) £ F g [D] x " 
is called basic if G(D) has a polynomial right inverse. A 
basic generator matrix of a convolutional code C is called re- 
duced (or minimal [10, 13,30]) if the overall constraint length 



5 = 



=i 



8i has the smallest value among all basic generator 



matrices of C; in this case the overall constraint length S 
is called the degree of the code. The weight of an element 

n 

v(D) e F q [D] n is defined as wt(v(D)) = ^]wt(u l (L>)), 

i=l 

where wt(«i(-D)) is the number of nonzero coefficients of 

Vi(D). 

Definition 3.1: [14] A rate k/n convolutional code C with 
parameters (n, k, 8; /i, df) q is a submodule of F g [D] 

ated by a reduced basic matrix G(D) = (gij) 6 
that is, C = {u(D)G(D)\u(D) e ¥ q [D} k }, where n is the 



¥ q [D 



gener- 

fcxn 



length, k is the dimension. 



is the degree, where 



Si = maxi<j<„{deg gy}, fi = niaxK^fcl^,} is the memory 
and d f =wt(C*) = mm{wt{v(D)) | v(D) € C,v(L>) ^ 0} is 
the free distance of the code. 

If ¥ q ((D)) is the field of Laurent series we define the 
weight of u(D) as wt(u(D)) = X^ez wt ( u 0- ^ gener- 
ator matrix G(D) is called catastrophic if there exists a 
u(D) e ¥ q ((D)) of infinite Hamming weight such that 
u(D) k G(D) has finite Hamming weight. The convolutional 
codes constructed in this paper have basic generator matrices; 
consequently, they are noncatastrophic. 

We define the Euclidean inner product of two n-tuples 
u (£>) = and v (-°) - V,v,/>' in ¥ q [D] n as 

(u(Z?) | v(D)) = J2i u i ' v i- If C is a convolutional code then 
its (Euclidean) dual is given by C x = {u(D) e ¥ q [D] n | 
(u(D) | v(D)) = for all v(D) e C}. 
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A. Convolutional Codes Derived From Block Codes 

Let [n,k,d] q be a block code whose parity check matrix H 
is partitioned into fi + 1 disjoint submatrices H such that 



H 



H 
Hi 



(1) 



where each has n columns, obtaining the polynomial 
matrix 

G(D)=H + H 1 D + H 2 D 2 + --- + H tl D^. (2) 

The matrix G(D) with ft rows generates a convolutional code 
V, where k is the maximal number of rows among the matrices 
Hi, the matrices Hi, where < i < \i, are derived from the 
respective Hi by adding zero-rows at the bottom in such a 
way that the matrix Hi has k rows in total. 

Theorem 3.1: [2, Theorem 3] Suppose that C C F™ is 
an [n, k, d] q code with parity check matrix H G ¥ q n fe - )x ™ 
partitioned into submatrices H ,Hi,--- , iJ M as above, such 
that k = rkH and rk Hi < k for 1 < i < \i. Then the 
matrix G(D) is a reduced basic generator matrix. Moreover, 
if df and djr denote the free distances of V and V^, 
respectively, di denote the minimum distance of the code 
Ci — {v G F™ | vH\ — 0} and d is the minimum distance 
of C x , then one has min{c?o + ^, d} < djr < d and df > d ± . 

IV. Construction Methods 

Constructions of convolutional codes have appeared in the 
literature [7-10,12,25,28,30]. In this section we apply the 
method proposed by Piret [25] and recently generalized by 
Aly et al. [2, Theorem 3], which consists in the construction 
of convolutional codes derived from block codes, in order to 
generalize to convolutional codes the techniques of puncturing, 
extending, expanding, direct sum, the (u|u + v) construction 
and the product code construction. Throughout this section we 
utilize the notation given in Section III ( Subsection III-A). 

Remark 4.1: Although most families of convolutional codes 
constructed in this section consist of unit memory codes, the 
procedures adopted in this paper also hold in more general set- 
ting, i.e., the techniques developed here also hold to construct 
families of multi-memory convolutional codes as well. 



A. Code Expansion 

Given a basis (3 = {bi, 62, • • • , b m } of F q ™ over ¥ g , a dual 
basis [22] of f3 is given by /3 1 - = {bi*, b 2 * , . . . , b m *}, with 
tr 9 m / q {hbj*) = Sij, for all i,j G {1, ...,m}. If C is an 
[n, k, di] m code and (3 — {bi, b 2 , • • • , b m } is a basis of F q ™ 
over ¥ q , then the q-ary expansion (3(C) of C with respect to f3 
is an [mn,mk,d 2 > d\\ q code given by j3{C) := {{cij) i - G 
^ q mn I c = (E, c *A)i e °}- We need the following result 



to proceed further. 

Lemma 4.2: [3, 1 1, 20] Let C = [n, k, d] qm be a linear code 
over ¥ qm , where q is a prime power. Let C 1 - be the dual of 
the code C. Then the dual code of the q-ary expansion (3(C) 



of code C with respect to the basis j3 is the q-ary expansion 
I3 J -(C ± ) of the dual code C 1 - with respect to j3^. 

Theorem 4.3 presents a method to construct convolutional 
codes by expanding classical codes: 

Theorem 4.3: Suppose that there exists an (n, k, 6; 1, df) qm 
convolutional code V derived from an [n,k*,d] qm code C, 
where df > d^-. Then there exists an (nm,km,m5;l,df p ) q 
convolutional code, where df„ > d^. 

Proof: Let V be the convolutional code generated by the 
reduced basic generator matrix G(D) = H + H\D, where 



H 



Ho 
H x 



is a parity check matrix of C and rk_ff — k > ikH\ = 
rkHi = 8. We expand C 1 - by the dual basis (3 1 - of ¥ q m 
over F q , generating the linear code (3 J -(C ± ) with parameters 
[ran, m(n — k*),dp > d ± ] q . From Lemma 4.2 we know that 

I3 J -(C ± ) = [^(C)]" 1 . We can split the generator matrix Hp of 
[/3(C)] X in the form 



Ha 



H'o 
Hi 



where rk Hq = mk and rk ijf = m5, because rak + mS = 
m(n — k*). Consider the polynomial matrix 



[G{D)] p = Hl + HPD. 

From construction and from Theorem 3.1, [G(D)]p is a 
reduced basic generator matrix of a convolutional code Vp. 
From construction, Vp has parameters (nm, km, mS; 1, df f) ) q . 
From Theorem 3.1, we have df p > d , so the result follows. 
(Note that the code j3(C) constructed in this proof plays the 
role of the code C given in Theorem 3.1). ■ 



B. Direct Sum Codes 

Let us recall the direct sum of codes. For more details the 
reader can consult [13,23] for example. Assume that C\ = 
[m, fci, d\] q and C 2 = [n 2 , k 2 , d 2 ] q are two linear codes. Then 
the direct sum code C\ © C 2 is the linear code given by C\ © 
C 2 — {(ci,c 2 )|ci G Ci,c 2 G C 2 } and has parameters [m + 
n 2 ,ki + fc 2 ,min {di,d 2 }] q . 

Let us now prove the main result of this subsection: 
Theorem 4.4: Assume that there exist an 
(ni, fci, Si; 1, dj!~^) q convolutional code Vi derived from 



an [ni,fc*,di] code Ci, where d^p > d^, and 



an 



(n 2 ,k 2 ,S 2 ;l,d f ^) convolutional code V 2 derived from an 

(2) 

[n 2 , k 2 ,d 2 ] q code C 2 , where df > d 2 . Then there exists an 
(m + n 2 ,ki + k 2 ,Si + S 2 ;l,d S) ) q convolutional code V®, 
where > minjdf, d 2 }. 

Proof: We know that Vi has a generator matrix of the 



form [G(D)} 1 = H^ + H[ L, D, where 



&(i) ; 



H 



(i) 



H { 
H 



(i) 
o 

(i) 



3 



is a parity check matrix of C\ and rkiJ^ = k\ > rkifj 



(i) 



rkij^ = Si. The code V2 has a generator matrix of the form 



H, 



(2) 



H[ 2 'D, where 



H^ = 



(2) 



H[ 2 



(2) 

is a parity check matrix of C2 and rk Hq = fc 2 > rk H 
rkH^ = 82- Consider next the code C® generated by 



(2) 



Ha 











The minimum distance of satisfies d(C^) = 

minjdf, d^}- We can construct a convolutional code V$ with 
generator matrix 



H, 



(i) 







H, 



(2) 



+ 



H 



(i) 







H\ 



(2) 



D. 



From construction and from Theorem 3.1 [G(D)] B is a 
reduced basic generator matrix. Again by construction, V® 
has parameters (m + n 2 , fci + fc 2 , <5i +62; 1, c?®) 9 and, from 
Theorem 3.1, > minjdf, d^}. Therefore, the proof is 
complete. ■ 

C. Puncturing Codes 

The technique of puncturing codes is well-known in the 
literature [13,23]. If C be an [n, k 1 d] q code then we denote 
by C % the punctured code in the coordinate i. Recall that the 
dual of a punctured code is a shortened code. Let us show the 
first result of this subsection: 

Theorem 4.5: Assume that there exists an (n, k, 5; 1, df) q 
convolutional code V derived from an [n,k*,d] q code C, 
where d 1 - = d(C ± ) > 1 and df > Then the following 
hold: 

(i) If C 1 - has a minimum weight codeword with a nonzero 
ith coordinate then there exists an (n — 1, k, 6; 1, df i ) q 
convolutional code Vi, where df t > d ± — 1; 

(ii) If C 1 - has no minimum weight codeword with a nonzero 
ith coordinate, then there exists an (n — 1, k, 5; 1, df i ) q 
convolutional code Vi, where df t > d ± . 

Proof: We only show item (ii) since item (i) is similar. 
Let us consider 

" H 



H 



Hi 



be a parity check matrix of C. Then we know that a reduced 
basic generator matrix for V is given by G(D) = Hq + H\D, 
where rk_ff = k > rkiJi = rki/i = S. Since d 1 - > 1 and 
C 1 - has no minimum weight codeword with a nonzero ith 
coordinate, puncturing C 1 - in the «th coordinate one obtains 
the code with parameters [n — 1, n — k* ,d^] q , where n - 
k* = ikH +rkifi. Consider next the convolutional code Vi 
with generator matrix 



{G(D)} t =H^+H?>D, 



where H^ is derived from H a by removing column i (and 
omitting possibly zero or duplicate rows), and is de- 

rived from Hi by removing column i (and omitting possibly 
zero or duplicate rows) and adding zero rows if necessary 
(according to Theorem 3.1). Since the code Qf generated 
by the matrix Hq also has minimum distance d(C(f ) > 1 
then AH^ = rkffo = k. By the same reasoning, rkH^ = 
rkHi = S. From construction and from Theorem 3.1, [G(D)] i 
is a reduced basic generator matrix; again by construction, 
the convolutional code Vi has parameters (n — 1, k, 6; 1, df i ) q . 
Applying Theorem 3.1, it follows that df i > d , so we get the 
result. Note that since (C^) — [Cs 4 ] (where the latter code 
is the dual of the shortened code), the code Cs { constructed in 
this proof plays the role of the code C given in Theorem 3.1. 

■ 

Remark 4.6: Note that the procedure adopted in Theo- 
rem 4.5 can be generalized to puncture codes on two or more 
coordinates. 

Let us see how to obtain convolutional codes by puncturing 
memory-two and memory-three convolutional codes: 

Theorem 4.7: Assume that there exists an (n,k,S;2,df) q 
convolutional code V derived from an [n,k*,d] q code C, 
where d 1 = d{C^) > 1 and d f > d ± . Then the following 
hold: 

If C 1 - has a minimum weight codeword with a nonzero 
i\h coordinate then there exists an (n — 1, k, 6; 2, df i ) q 
convolutional code Vi, where df i > d — 1; 
If C 1 - has no minimum weight codeword with a nonzero 
ith coordinate, then there exists an (n — 1, k, 5; 2, df i ) q 
convolutional code Vi, where df i > d- 1 . 
Proof: We only prove item (ii); item (i) follows similarly. 
Let us consider 

" #0 



(i) 



(ii) 



H 



Hi 
H 2 



be a parity check matrix of C. Then a reduced basic generator 
matrix for V is given by 

G(D) = H + HiD + H 2 D 2 . 

We have two cases to be considered. The first one is rk Hq > 
rkH 2 > rkiifi. In this case it follows that rkH = k and 
S = 2rkH 2 and the computation of the parameters of the 
final code is performed without pain. 

Let us investigate the second case, i.e., rkiJ > rkHi > 
rk_ff 2 - In the second case we have rkH = k and 5 = 
rk H2 + rk H 1 . Since d > 1 and C has no minimum weight 
codeword with a nonzero ith coordinate, puncturing C 1 - in 
the ith coordinate one obtains the code with parameters 
[n — l,n — k* ,d^] q , where n — k* = rkH +rkHi +ikH 2 . 
Let us consider the code Vi with generator matrix 



[G(D)} 

r(») rxW 



— n 



H i 1 i) D + +H i 2 t) D 2 , 



where Hg>, H\ l > and H^ are derived from H , Hi, H 2 , 
respectively, by removing column i (and omitting possibly 
zero or duplicate rows). Since the code Qf generated by 
the matrix H also has minimum distance c?(Cq-) > 1 then 



4 



rkH^ = rkHo = k. By the same reasoning it follows that 



rkH^ = rkHi and rkiJ 2 IJ = rkH 2 . From construction 
and from Theorem 3.1, [G(D)] i is a reduced basic generator 
matrix of a memory-two convolutional code Vi of dimension k. 



r« _ 



Since rk > rk it follows that the degree <jM f is (i) If (d) even < (d) odd , then there exists 



r(i) 



Theorem 4.9 is the main result of this subsection: 
Theorem 4.9: Suppose that an (n,k,5;l,df) qm convolu- 
tional code V derived from an [n, k*,d ± ] q code C 1 - with 
df > d exists. Then the following hold: 



+ 



given 



by 8(* 



2rkH, 



(rkH{ 



■rkH?>) 



S. Therefore 

the convolutional code Vi has parameters (n — 1, k, S; 2, df i ) q . 
Applying Theorem 3.1, it follows that df i > d ± , and the result 
follows. ■ 
Theorem 4.8: Assume that there exists an (n,k,S;3,df) q 
convolutional code V derived from an [n,k*,d] q code C, 
where d 1 - = d(C ± ) > 1 and df > d ± . Then the following 
hold: 

(i) If C 1 - has a minimum weight codeword with a nonzero 
ith coordinate then there exists an (n — 1, k, S; 3, df i ) q 
convolutional code Vi, where df t > d — 1; 

(ii) If C 1 - has no minimum weight codeword with a nonzero 
ith coordinate, then there exists an (n — 1, k, 5; 3, df i ) q 
convolutional code Vi, where df i > d^. 



Proof: Let us consider 



H 



H 
Hi 
H 2 
H 3 

be a parity check matrix of C. We only compute the degree of 
the corresponding convolutional code Vi since the computation 
of the other parameters of Vi are similar as in the above proof. 
We have six cases. The cases rkiJ 3 > ikH 2 > rkH\ and 
rki/3 > rkHi > rkH 2 are straightforward. 

If the inequalities rkH 2 > rki/ 3 > rkHi or ikH 2 > 
rkifi > rk_ff 3 are true then it implies that S = 3rk7J 3 + 
2(rk# 2 -rk# 3 ) = S (i l 

If the inequalities ikHi > rkiJ 3 > rki?2 hold then it 
follows that 5 = 3rki? 3 + (rkiJj - rkH 3 ) = S (t \ 

Finally, if the inequalities rkiJi > rki?2 > rki/ 3 are true 
then one has 6 = 3rkH 3 + 2(rkH 2 - rkH 3 ) + (rkH 1 - 
rkH 2 )=5^. M 

D. Code Extension 

As in the case of puncturing codes, the code extension 
technique [13,23] is well known in the literature. Here we 
extend this technique to convolutional codes. 

Let C be an [n,k,d] q linear code over W q . The ex- 
tended code C e is the linear code given by C e = 

{(xi, . . .,x n ,x n+1 ) e F£ +1 | (xi, ...,x n ) G C, xi -\ + 

x n + %n+i = 0}. The code C e is linear and has parameters 
[n + 1, k, d e ] q , where d e = d or d e = d+1. Recall that a vector 
v = (vi, . . . ,v n ) e F q is called even-like if it satisfies the 

n 

equality ^ Vi — 0, and odd-like otherwise. For an [n, k,d] q 

code C, the minimum weight of the even-like codewords of C 
is called minimum even-like weight and it is denoted by d even 
(or (d) even ). Similarly, the minimum weight of the odd-like 
codewords of C is called minimum odd-like weight and it is 
denoted by d odd (or (d) odd ). 



1, k, 5; 1, dfe) q convolutional code, where d 



an (n 

> d; 

an (n + 

> d+1 



(ii) If ( d )odd < ( d )even> then there eX1StS 

1, k, 5; 1, dfe) q convolutional code, where df 
Proof: We only show item (ii). The code V admits a 

reduced basic generator matrix of the form G{D) = Go + 

G\D, where 

' Go 



G 



Gi 



rkGi 



is a generator matrix of C with rk Go = k > rk G\ 
5. Consider the extended code C e generated by 

f-ie _ ^0 

G - [ G\ 

From construction and from Theorem 3.1, the matrix 
[G(D)] e = Gq + G\D is a reduced and basic generator 
matrix of a convolutional code V e . By construction, V e has 
parameters (n + 1, k, 5; 1, dfc) q . From Theorem 3.1 and from 
hypothesis, d/= > d+1; hence the result follows. ■ 

E. The (u|u + v) Construction 

The (u|u + v) construction [13,23] is another method for 
constructing new classical linear codes. 

Let C\ and C2 be two linear codes of same length both over 
¥ q with parameters [n, ki,di] and [n, k 2 ,d 2 ] q , respectively. 
Then by applying the (u|u + v) construction one can generate 
a new code G = {(u, u+v)|u e Gi, v e G2} with parameters 
[2n, fci + k 2 , min{2di, d 2 }] q . 

Theorem 4.10 is one of the main results of this subsection: 



Theorem 4.10: Assume 



that 



an [n,ki,di] code C\, where d f 

(2) 

(n, k 2 ,S 2 ;l,d f ) convolutional code V 2 



convolutional code 

7(1) 



there 

> 



exist an 
derived from 

di, and an 

derived from 

an [n, k^,d 2 \ q code G2, where d ( jf' > d^. Then there exists 
an (2n, fci + k 2 ,5\ + 5 2 ; 1, ^/ (u | U+v) ) ? convolutional code 

V( u |u+v). where d f\^ +v) > min{2d 2 L , d^}. 

Proof: The code V\ has a (reduced basic) generator matrix 
of the form [G(D)] 1 



n o 



h[ 1] D, where 



H, 



(i) 





(i) 



is a parity check matrix of C\ and rkH^ = ki > rkiJ{ 1J = 
rkH^ — Si. The code V 2 has a (reduced basic) generator 



r(!) - 



matrix of the form [G(D)] 2 



H 



(2) 



H[ 2) D, where 



Ho 
H 



(2) 



is a parity check matrix of G2 and rkH^ — k 2 > rkiJ^ 2 ' = 



rkH{ 
matrix 



(2) 



So. Consider the code C, 



H 



(u|u+v) 



_ff(2) 



(u|u+v) 



H (2) 



generated by the 



5 



Let us compute the minimum distance d(C(^i u+v of 
Cj~ 1 . v The codewords of C, , s are of the form 

(u|u+v) (u|u+v) 

{(u — v, v)|u G C^,\ G C 2 }. Let us consider the the 
codeword w = (u — v, v). If u = then w = (— v, v), 
so the minimum distance of Gii u+V N is given by 2^2 • 
On the other hand, if u ^ then wt(w) =wt(u — 
v)+wt(v) =d(u,v)+d((v,0) >d(u,0) =wt(u). Thus, in 
this case, the minimum distance of C(i,i u+V ) is given by 
di. Therefore, d(C(^| u+v )) = min{2c? 2 L , d^}. Next, we can 
construct a new convolutional code V( u | u+V ) with generator 
matrix 



From the proof of Theorem 4.10, the minimum distance of 

CHu+v) is 8 iven b y ^(^(ulu+v)) = min{24,dj L }. 

Next, we can construct a new convolutional code V( u | u+V ) 
with generator matrix 



[GP)] (U | U+V) = 



H, 



(i) 



o 







H, 



(2) 



+ 



(1) 



+ 







-H, 



(2) 



(2) 



D 



D . 



[G(D)] {ulu+v) 



H, 



(i) 







-H, 



(2) 



(2) 



(i) 







-ff< 2) 



H 



(2) 



From construction and from Theorem 3.1, [G(D)],, +v s is 
a reduced basic generator matrix for V( u | u+V ). Again from 
construction, the code V( u | u+V ) has parameters (2n, fci + 
fe, Si+S 2 ; 1, rf/ (u | U+v) )q- Finally, from Theorem 3.1, it follows 
that d/ (ll | U+v) > min{2d^-,df }, and the result follows. ■ 

Let us see how to construct memory-two convolutional 
codes derived from the (u|u + v) construction. We call the 
attention for the fact that all the proposed methods can be 
generalized for multi-memory codes. 

Theorem 4.11: Assume that there 



From construction and from Theorem 3.1, [G(-D)]( u | u+V -, is 
a reduced basic generator matrix for V( u | u+V ). Again from 
construction, the code V( u | u+V ) has parameters (2n, fci + 
£(u|u+v)i 2, d/ (u | U+v) ) „• It is not difficult to see that 
<^(u|u+v) = Si + S 2 . From Theorem 3.1, it follows that 
df (u , u+v) > min{2c? 2 L , d^}. Therefore one can get an 
(2n, ki + k 2l 5i + S 2 ; 2, d/ (u|u+v) ) convolutional code, where 
d/ (u | U+v) > min{2d^-, d±}, and the result follows. ■ 



(n,ki,di;2,(£p) convolutional code 
an [n,kl,di] 



(i) 



(n,fc 2 ,<5 2 ;2,4 2) ) 



code Ci, where dj.- 
convolutional code 



Vi 

> 

v 2 



exist an 
derived from 

d^, and an 

derived from 



an [n, k 2 ,d 2 ] code C 2 , where d 



(2) 



an (2n, fci + k 2 ,Si 



2 , vv„^ „ f 

S 2 ;2,d f ^ 



> d 2 . Then there exists 
convolutional code 



.+v)/g 



V( u |u+v). where d / (u | U+ v) > min{2d 2 L ,d5 L }. 



F. Product codes 

In this section we show how to construct convolutional 
codes by applying the product code construction. 

Recall the given by classical linear codes C\ = [ni,ki,di] 
and C 2 — [^27^27^2]^ over the direct product code 
denoted by Ci <g> C 2 is the linear code over ¥ q with parameters 
Ci = [nm 2 ,kik2,did 2 ] q . If Gi = fog>) and G 2 = (gff) 
are generator matrices for Ci and C 2 respectively, then the 
Kronecker product G\®G 2 — {g^G 2 ) is a generator matrix 
for Ci ®C 2 . We are now ready to show the next result: 
Theorem 4.12: Assume that there exist an 



, +v ;> "j(u|u+v) -"""r^nj' 1neorem4.11: Assume mat mere exist an 

Proof: The code Vi has a (reduced basic) generator matrix (m,k u 6 1 ;l,d { f 1) ) a convolutional code Vi derived from 

_ J? f /"I l ~J~W 1 T7~(l) 1 Tt( 1 ) 7~\ 1 Tt( 1 ) 7~\9 1_ J H __ 



of the form [G{D)] 1 =h£ ) 



+ H[ 1) D + H^ ) D 2 , where 



rr(l) 

^0 



(i) 



is a parity check matrix of C\. We have to consider two cases. 
The first case is when rkH^ = ki > ikH ( 2 1] > rkH^. 
In this case the computation of the parameters of the final 
code is straightforward. Let us consider the second case, i.e., 
rkH { 1} = fci > rki^ 1} > rkH^. We know that Si = 



an [ni,k%,di] code C^, where d f ^ > di, and an 

(2) 

(n 2 ,k 2 ,5 2 ;l,df- ') q convolutional code V2 derived from an 

[n 2 , k 2 , G^lq code C 2 , where d^ > d 2 . Then there exists 
an {nin 2 ,kik 2 ,Si5 2 ;l,d®) q convolutional code V®, where 
> did 2 . 

Proof: The code Vi has a generator matrix of the form 



[G(D)} 1 = G t 



(i) 



G^D, where 
G (D 



2rk^ 1} + (rkiJ| J 



rkH 2 J ). Similarly, let us consider the 



code V 2 has a (reduced basic) generator matrix of the form 

] 2 



G« 



[G(D)] 2 - h£ ] + H{ 2) D + H^D 2 , where 



is a generator matrix of the code Ci = [ni, ri\ — k\, di] q and 



rkG 



(i) 



fci > rkG^ = rkGY' = Si. The code V 2 has a 



v(i) 



(2) 



(2) 



(2) 



generator matrix of the form [G(D)] 2 = Gg 2 ' + G^D, where 



G (2) 



G 
G ( i 



(2) 


(2) 



is a parity check matrix of G 2 ; without loss of generality we 



may assume that rki^Q 



(2) 



fc 2 > rkH{ 



(2) 



know that S 2 =2rkH^' + (rkH^> - vkHf 1 ). Consider the 
code G^| u+V ^ generated by the matrix 

" 

(u|u+v) - _ H (2) H (2) 



> ikH { 2 \ We 



is a generator matrix of the code G2 = [n 2 , n 2 — k 2 ,d 2 ] q and 

S 2 . Consider next the 



rkG 



(2) 



fc 2 > rkGi' 



(2) 



rkGl 2) 



(linear) code G® generated by the matrix 



H, 



G 



(i) 


,(i) 



G 



GY> ® G\ 



(2) 


(2) 



6 



We know that C® is a subcode of G*W ® G<- 2 \ so C has 
minimum distance greater than or equal to did 2 . We construct 
a convolutional code V® with generator matrix 

[G(D)] 9 = [gP®G™] + GD, 

where G — [G^ (g> G^]. From construction and from Theo- 
rem 3.1 [G(.D)]„ is a reduced basic generator matrix. Again 
by construction, V® has parameters (n 1 ri 2j ^1^2, ^1^2; 1) <^<g>) g > 
and from Theorem 3.1, > did 2 . Thus the result follows. 



V. Code Constructions and Code Tables 

In this section we utilize the convolutional code expansion 
developed in Subsection IV-A to obtain new families of 
convolutional codes. In order to shorten the length of this 
paper we only apply this technique, although it is clear that 
all construction methods proposed in Section IV can also be 
applied in order to construct new families of convolutional 
codes. Moreover, we do not construct explicitly the new fam- 
ilies of convolutional codes shown in Tables I and II because 
the constructions are simple applications of Theorem 4.3. 

Remark 5.1: It is important to observe that in all convolu- 
tional code presented in Tables I and II, we expand the codes 
defined over ¥ q (where q = p f , t > 1 and p prime) with 
respect to the prime field F p . However, the method also holds 
if one expands such a codes over any subfield of the field F 9 . 

In Tables I and II we tabulated only convolutional BCH 
codes shown in [16] for the Hermitian case, although in [16] 
we also construct families of convolutional BCH codes for the 
Euclidean case. 

VI. Summary 

We have shown how to construct new families of con- 
volutional codes by applying the techniques of puncturing, 
extending, expanding, direct sum, the (u|u + v) construction 
and the product code construction. As examples of code 
expansion, new convolutional codes derived from cyclic and 
character codes were constructed. 
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TABLE I 

Families of Convolutional Codes 



Code Family / (n, k, <5; fj,,df) q 


Range of Parameters 


Ref. 


BCH 






(2 2m - 2 m , 2 2m - 2 m - m, m; 3), 


m > 1 


[12] 


( 2 2m-i |2 »-i -m,m;n,4) 2 


m > 2 


[12] 


(2 m - 1, 2 m - 1 - (t - l)m, m;u,d f >2t + 1) 2 


2<t < 2!™/ 2 !- 1 + l,m > 3 


[12] 


(2 m - 1, 2 m - 2 - (t - l)m, m;u,d f > 2t + 2) 2 


2 < t < 2l m / 2 !- 1 + l,m > 3 


[12] 


(n, n - - l/ej) | , S; 1, cff > 6 + 1 + A(d + 1, 25)) q 




[2] 




gcd(n, q) = 1, r =ord n (cj), 2 < 26 < 6 max 






S max = [n/(q r - l)(q\ r ' 2 \ - 1 - ( q - 2)[rodd])\ 






A(a, 13) > q + L(/3 - a + 3)/ ? J - 2, if /3 - a > 2q - 3, 






/3) > K/3 - a + 3)/2J, otherwise 




(n, n - 2(i - 2) - 1, 2;u,d f >i + l) q2 




[16] 




ra = (jr 4 — 1, q > 3 prime power, 






3 < i < q 2 - 1 




[n, n - m(2q 2 - 3) - l,m; /i, ci/ > 2g 2 + 2)^2 




[16] 




n = q im — 1, cj > 4 prime power, 






m = ordniq 2 ) > 3 




(n, n — mi — 1, mj; u,df > i + j + 2) q 2 




[16] 




n = <jr 2m — 1, cj > 4 prime power, 






m = ord„(q 2 ) > 3, 1 < i = j < q 2 - 2 




(n, n — m(i — 1) — 1, m; fi, df > i + 2) q 2 




[16] 




n = c; 2 '™ — 1, cj > 4 prime power, 






rn = ord n (q' z ) > 3, 1 < i < q z - 1 




(n, n — m(i — 2) — 1, 2m; fJ.,df > i + 2) q i 




[16] 




n = q lm — 1, cj > 4 prime power, 






m = ordn(q^) > S, 6 <t < q — 1 




7 r \ — i 1 , , . "tt 1 

(Tl, — 777.(2 — /i) — 1, TYlpb\ fJ, , > 2 — /J. H~ 4j^2 




[10J 




3m 1 :— — : : 

ti — ^ — q ^ 4 prune power, 






to — ore/ (a' z ) > 3 // > 3 // -1- 1 < '/ < a' 2 — 1 








1161 




n = q^ — 1, q > 3 prime power, 






1 < i = j\ 2 < i + j < q z - 2 




Fxnanded BCH 

1—. A 1 III 1 1 LIC LI — ± 1 






Apply Theorem 4.3 in the BCH codes above 




New 


RS 






(n, u/2, u/2: 1, dt > u + 1) 




[1] 




q prime power, n odd divisor of q z — 1 






q + l < n < q 2 - l, 2 < n = 2t < |n/(<J + 1)J 




Expanded RS 






(rn, ru/2, r///2; 1, <i/ > /i + l) p 




New 




cj = p r prime power, n odd divisor of q 2 — 1 






? + l<n<9 2 -l, 2<fi = 2t< [n/(q + 1)J 




RM 






(2 m -',fe(r),5<2 1 -l; M , ( i f =2—''), 




[1] 




^ ^ . ^ i / \ x — • / m — / \ 
1 fc(r) = 2Jf . , 

i = Q ^ ^ 






< r < 1 I'm / 1 \ /O 1 










fr) 1 ti rl f — n (f\ 4- 1 U 
\rij i, o, /j,, — iiyu t ±)) q 


D < £ < r; — 1 n < /? 1 


T61 
L U J 


(r> r> — 9? 9- 1 9?' -I- ^tl 
yii, it Zit, ^r, i, -p OJ^ 








1\2\tj — i, q — i , 






t > 3 integer, n = g + 1 




(n, n — li -+- l, z, l, + zj Q 




rini 

Liyj 




r : : 

q = p , t > 2 integer, p odd prime, 






n = c/ + l, 1 <i < j - ^ 




Expanded MDS 






(tn,t,td; n,df > n(5 + l)) p 




New 




cj = p 1 prime power 






< cS < n - 1, n<cj-l 




(tn, t(n - 2i), 2t; l,d f >2i + 3) 2 




New 




1 < i < \ - 2, q = 2\ 






t > 3 integer, n = cj + 1 




(tn, t(n - 2j + 1), 2t; 1, d f > 2i + 2) p 




New 




q = p z , t > 2 integer, p odd prime, 






n = cj + l, l<«<§-2 





TABLE II 
Families of Convolutional Codes 



Code Family / (n, k, <5; [i, dj) q 


Range of Parameters 


Ref. 


Character 






(2'", 2'" - s m (u), s m (u) - s m (r); 1, df > 2'^ L ) q 




[17] 


(2™, s m {u), s m (u) - s m (r); /i, df > 2 m ~ u + l) q 




[17] 




q power of an odd prime, m > 3, 






r, u £ Z, < r < m < m, 






E (?)> E (T>^) = E(T) 

i =ll +l v 7 i=r+l v 7 i=0 v 7 




(2 m , 2 m - s m (u), 6; 2, d f > 2 r + L ) q 




[17] 




<j power of an odd prime, m > 4, 5 = ( ) , 

L — ' \ % J 






i=r+l x 






r, u, v € Z, < r < « < u < m, 






m / \ " / \ 11 / \ 

E(?)>E(?)>E(?)> 

i=«+l v 7 i=r+l v 7 i=v+l v 7 




(l m J m - S m (u),S m (u) - S m (r);l,df > (b + 2)l a ) q 




[17] 




m > 3, / > 3 are integers, <y prime power, — 1), 






r,u £ Z, < r < u < m(l - 1) 






E ( t ) t > E ( i ) . 

i=u+l v 7 * i=r+l v 7 ' 






a, o E ^, r = a(t — 1J o, U <. o <. t — z, 






S m (v) =J2J2 (- 1 )' C ( T ) ( ™ ~m - 1~ ) 




Expanded Character 






(t2 m ,t(2 m - s m (u)), t(s m {u) - s m (r)); 1, d f > 2 r+1 ) p 




New 


(t2 m ,ts m (u),t(sm(u) - s m (r)); n,d f > 2 m - u + l) p 




New 




q = p l power of an odd prime, m > 3, 






r, u£Z, < r < m < ra 






m / \ M / \ " / \ 

E (?)> E (?W<o = £(?) 

i=t»+l v 7 i=r+l v 7 i=0 v 7 




(t2 m ,t(2 m - s m (u)),t5;2,d f > 2 r + 1 )„ 




New 




q = p l power of an odd prime, 






m > 4 - 5 = E ( T ) 

»=r+l v 






r,u,v g Z, < r < u < u < m, 






e(t)>e(t)^e(t)> 

— \ L I — \ 4 / — \ L J 

i=u+l v 7 i=r+l v 7 i=«+l v 7 




(tl m ,t(l m - S m (u)), t(S m (u) - S m (r)); 1, d, > (6 + 2)/ a ) q 




New 




m > 3, i > 3 are integers, 






q = p l prime power, l\{q — 1) 






r, MgZ, 0<r<u< m(l — 1) 












a, 6 e Z, r = a(l - 1) + b, < 6 < I - 2, 






SUv)=^^(-l) ( fe )( m _! ) 

i=0 fe=0 v 7 v 




Melas 






(<? m - l,g m - m- l,m;l,d/ > 3) q 


q 2 prime power, g even, m > 2 


[18] 


(2 m - 1, 2 m - m - 1, m; 1, d/ > 5), 


m odd 


[18] 


Expanded Melas 






(t(<? m - 1), t(<? m - m - 1), tm; 1, d/ > 3) p 


5^2 prime power, q = p l even, m > 2 


New 



